Considering X(3940) and X(4160) as η c (3S) and η c (4S), we study the productions of X (3940) and X (4160) 
I. INTRODUCTION
In the last few years, lots of new particles have been observed, such as charmomiumlike state was first observed in e + e − annihilation by Belle in 2002 [1] . Then many more charmomium-like states were discovered in experiments, and the family of charmonium-like states have become very abundant. Such as the X(3872) resonance was discovered by Belle
Collaboration through the channel B ± → K ± π + π − J/ψ [2] . The X(3915) was reported by
Belle Collaboration in γγ → ωJ/ψ [3] . X(3940) was observed from the inclusive process e + e − → J/ψX(3940), with the mass (3943 ± 6 ± 6) MeV [4] . Latter Belle Collaboration confirmed X(3940) by the process e + e − → J/ψD * D * , and they also reported a new charmonium-like state X(4160) [5] . [6] . The charmomium-like states provide us a good way to study the nonperturbative behavior of QCD, so they have attracted a lot of attention of theorists and experimentalists. People had detailed summarized the present experimental status of the XY Z particles, gave the productions and properties of XY Z states [7] [8] [9] [10] [11] . As two of these new observed particles, there are already some theoretical studies on X(3940) and X(4160). Ref. [11] calculate the mass of X(3940) as J P C = 2 ++ . Ref. [12] gave the production of X(3940) which was assumed as 3 1 S 0 state in weak decay of B c in the framework of the light-cone QCD sum rules approach. Ref. [13] had studied the inclusive production of X(3940) in the decay of ground bottomnium state η b by the NRQCD factorization formula, and they also considered X(3940) as the excited η c (3S) state. Using the NRQCD factorization approach, Ref. [14] calculated the branching fractions of Υ(nS) → J/ψ+X with X = X(3940) or X = X(4160).
In Ref. [15] , they also explored the properties and strong decays of X(3940) and X(4160) as the η c (3S) and η c (4S), respectively. Ref. [16] calculated the strong decay of X(4160) which was assumed as χ c0 (3P ), χ c1 (3P ), η c2 (2D) or η c (4S) by the 3 P 0 model. Ref. [17] calculated the strong decays of η c (nS), they found that the explanation of X(3940) as η c (3S) is possible and the assignment of X(4160) as η c (4S) can not be excluded. According to the strong decay of X(3940) and X(4160) in Ref. [15] [16] [17] , considering X(3940) and X(4160) as η c (3S) and
In this paper we will consider the possibilities of X(3940) and X(4160) as radial high excited states η c (3S) and η c (4S), respectively. We focus on the productions of X(3940) and X(4160) in exclusive weak decays of B c meson by the improved the Bethe-Salpeter(B-S)
Method. On the one hand, the higher excited states have larger relativistic correction than the corresponding ground state, a relativistic model is needed in a careful study. On the other hand, this study can improve the knowledge of B c meson, and B c meson only decay weakly which is an ideal particle to study the weak decays. In recent years, more and more people had studied the B c meson by different methods, such as different relativistic constituent quark models [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] , the covariant light-front quark model [32, 33] and perturbative QCD factorization approach [34] . In these literatures, they studied the nature of B c meson by the semileptonic and nonleptonic decays of B c , the CP violation in two-body hadronic decays of B c , rare semileptonic decays of B c etc. We also discussed the properties of B c meson by the improved B-S method, include B c decays to P −wave mesons, the rare weak decays and rare radiative decays of B c , the nonleptonic charmless decays of B c , and so on [35] [36] [37] [38] [39] [40] [41] .
In previous papers, we focused on B c decays to 1S, 2S, 1P, and 2P states, because when the final states were 3S, 4S states, the corresponding branching ratios were very small, and there were only limited data of B c available. Now the Large Hadron Collider (LHC) will produce as much as 5 × 10 10 B c events per year [42, 43] . The huge amount of B c events will provide us a chance to study B c decay to 3S, 4S states, some channels also provide an opportunities to discover the new particles in B c decay.
The mesons can be described by the B-S equation. Ref. [44] took the B-S equation to describe the light mesons π and K, then they calculated the mass and decay constant of π by the B-S amplitudes [45] , they also studied the weak decays [46] and the strong decays [47] combine the Dyson-Schwinger equation. But in this paper, we describe the properties of heavy mesons and the matrix elements of weak currents by improved B-S method, which include two improvement [48] : one is about relativistic wavefunctions which describe bound states with definite quantum number, and a relativistic form of wavefunctions are solutions of the full Salpeter equations. The other one is about the matrix elements of weak-current which obtained with relativistic wavefunctions as input. So the improved B-S method is good to describe the properties and decays of the heavy mesons with the relativistic corrections. 
II. THE FORMULATIONS OF SEMILEPTONIC DECAYS AND NONLEPTONIC

DECAY OF B c
In this section we present the formulations of semi-leptonic decay and nonleptonic decay of B c mesons to X(3940) and X(4160) which are considered as η c (3S) and η c (4S) states.
A. Semileptonic decay of B c
The feynman diagram of B c semileptonic decay to X = X(3940) or X = X(4160) is shown in Fig. 1 . The corresponding amplitude for the decay can be written as
where V bc is the CKM matrix element, G F is the the Fermi constant, J µ = V µ − A µ is the charged weak current, P and P f are the momentum of the initial meson B c and the final state, respectively. The hadronic part can be written as,
where f + , f − are the Lorentz invariant form factors.
We define
, where E ℓ is the energy of the final charge lepton, M is the mass of initial meson. The differential width of the decay can be reduced to:
B. Nonleptonic decay of B c
For the nonleptonic decay of B c → X + M 2 in Fig. 2 
, the relevant effective Hamiltonian
H ef f is [49, 50] :
where G F is the Fermi constant, V bc is the CKM matrix element and c i (µ) are the scaledependent Wilson coefficients. O i are the operators responsible for the decays constructed by four quark fields and have the structure as follows:
where
Since this is the primary study of these nonleptonic decays, we apply the naive factorization to H ef f [51] , the nonleptonic two-body decay amplitude T can be reduce to a product of a transition matrix element of a weak current X|J µ |B c and an annihilation matrix element of another weak current M 2 |J µ |0 :
c 2 and N c = 3 is the number of colors. While the annihilation matrix element M 2 |J µ |0 is related to the decay constant of M 2 . When M 2 is a pseudoscalar meson [52] , In Eq. (3) and Eq. (6), we find that the most important things to get the decay width of the corresponding decay are to calculate hadronic weak-current matrix elements X(P f )|J µ |B c (P ) . We will give the detailed calculation of the hadronic weak-current matrix elements in the Section. III.
III. THE HADRONIC WEAK-CURRENT MATRIX ELEMENTS
The calculation of the hadronic weak-current matrix element are different from model to model. In this paper, we combine the B-S method which is based on relativistic B-S equation Fig. 1 . In this way, at the leading order the hadronic matrix element can be written as an overlapping integral over the wavefunctions of initial and final mesons [48] ,
where q ( q f ) is the relative three-momentum between the quark and anti-quark in the initial (final) meson and
M is the mass of B c , P f is the three dimensional momentum of X, ϕ ++ P ( q) is the positive Salpeter wavefunction of B c meson and ϕ
is the positive Salpeter wavefunction of X meson,φ
We will show the Salpeter wavefunctions for the different mesons in next section.
IV. THE RELATIVISTIC WAVEFUNCTIONS OF PSEUDOSCALAR MESON
A.
For B c meson with quantum numbers J P = 0 −
The general form for the relativistic wavefunction of pseudoscalar meson B c can be written as [55] :
where M is the mass of the pseudoscalar meson, and f i ( q) are functions of | q| 2 . Due to the last two equations of Eq. (A7): ϕ
0 − = 0, we have:
where m 1 , m 2 and ω 1 = m 
where the b i s (i = 1, 2, 3, 4) are related to the original radial wavefunctions f 1 , f 2 , quark masses m 1 , m 2 , quark energy w 1 , w 2 , and meson mass M:
.
B. For X(3940) and X(4160) mesons with quantum numbers J P = 0 − Because the X(3940) and X(4160) mesons have the same quantum numbers as B c , the wavefunctions of X(3940) and X(4160) mesons are similar to Eq. (10),
are the mass, momentum and the radial wavefunctions of X(3940) and X(4160), respectively. m 
V. NUMBER RESULTS AND DISCUSSIONS
A. Semi-leptonic decays
In order to fix Cornell potential in Eq.(A11) and masses of quarks, we take these parameters: a = e = 2.7183, λ = 0.21 GeV For semileptonic decays we need to input the CKM matrix elements: V cb = 0.0406,
GeV −2 and the life time of B c meson: τ Bc = 0.453ps, which are taken from PDG [6] . In Section. III, we have found that the hadronic weak-current matrix element is overlapping integral over the wavefunctions of initial and final states, and the hadronic weak-current matrix element can be written as the form factors f + and f − . The form factors are relate to four-momentum transfer squared t = (
f − 2ME f which provides the kinematic range for the semileptonic decay of B c . It varies from t = 0 to t = 5.45 GeV 2 for the decays to X(3940) and from t = 0 to t = 4.48 GeV 2 for the decays to X(4160). We give the relations of (t m − t)(t m = (M − M f ) 2 is the maximum of t) and the form factors, which are calculated by Eq. (7) Table. I, there are two reasons: first, the former decay has larger kinematic ranges, second, there is one minus part in the wavefunctions of X(3940), and there are two minus parts in the wavefunctions of X(4160) in Fig. 4 , after the overlapping integral in Eq. (7), much more minus parts of the wavefunctions cause the smaller result for X(4160). Table. II. The results of B c nonleptonic decay are affected by the CKM matrix elements, so the results of light mesons π, ρ are larger than the ones of light mesons K, K * in Table. II, respectively.
In order to compare the numerical values of semileptonic and nonleptonic decays, we show the branching ratios of semileptonic and nonleptonic B c with a 1 = 1.14 [49, 50] in Table. III.
We find that the central value results of B Collider (LHC) will produce as much as 5 × 10 10 B c events per year [42, 43] , if we can observe the sufficient events, some channels will provide us a sizable ratios, and may be we will detect the productions of X(3940) and X(4160) in B c exclusive weak semileptonic and nonleptonic decay. That will provide us a new way to observe the X(3940) and X(4160) in the future.
We divide the relative momentum q into two parts, q and q ⊥ ,
B-S equation Eq. (A1) is a four dimension covariant equation, in order to solve the Eq. (A1), we will take the instantaneous approximation in the interaction kernel V (P, k, q), then the B-S equation will lose the covariance. The effect of instantaneous approximation in V (P, k, q) could be corrected by the retardation effects in V (P, k, q). But the retardation effects in V (P, k, q) are very small for the heavy mesons [59] [60] [61] , this means that the influence of the instantaneous approximation on the covariance of B-S equation are very small for the heavy mesons. The instantaneous approximation in V (P, k, q) almost don't influence the wavefunctions, and the decay matrix elements which involve the heavy mesons mostly unchanged [59] . Our model mostly keeps the covariance in the calculation, and the weak decay results also satisfy the Lorentz-covariance.
In instantaneous approach, the kernel V (P, k, q) takes the simple form [62] :
Let us introduce the notations ϕ p (q µ ⊥ ) and η(q µ ⊥ ) for three dimensional wave function as follows:
Then the BS equation can be rewritten as:
The propagators of the two constituents can be decomposed as:
with
where i = 1, 2 for quark and anti-quark, respectively, and
Introducing the notations ϕ ±± p (q ⊥ ) as:
With contour integration over q p on both sides of Eq. (A3), we obtain:
, and the full Salpeter equation:
For the different J P C (or J P ) states, we give the general form of wave functions. Reducing the wave functions by the last equation of Eq. (A7), then solving the first and second equations in Eq. (A7) to get the wave functions and mass spectrum. We have discussed the solution of the Salpeter equation in detail in Ref. [55, 56] .
The normalization condition for BS wave function is:
In our model, the instantaneous interaction kernel V is Cornell potential, which is the sum of a linear scalar interaction and a vector interaction:
where λ is the string constant and α s ( q) is the running coupling constant. In order to fit the data of heavy quarkonia, a constant V 0 is often added to confine potential. One can see that V v (r) diverges at r = 0, we introduce a factor e −αr to avoid the divergence:
It is easy to know that when αr ≪ 1, the potential becomes to Eq. (A9). In the momentum space and the C.M.S of the bound state, the potential reads :
where the running coupling constant α s ( q) is :
We introduce a small parameter a to avoid the divergence in the denominator. The constants λ, α, V 0 and Λ QCD are the parameters that characterize the potential. N f = 3 forbq (and cq) system.
